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This paper presents an algorithm for the computation of any jet of the flattening stratum
of a module over a local algebra based on an obstruction theory for lifting flatness. It is
applied to modular deformations of singular germs. Infinitesimal modular deformations
of isolated complete intersection singularities are characterized as flattening strata of
its first tangent cohomology. Some examples are discussed that indicate relations with
moduli spaces of certain classes of singularities. Implementations are done in Singular.
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1. Introduction
In this article three new results are presented: an obstruction theory for lifting flatness,
an algorithm for the computation of any jet of a local flattening stratum, and a new
characterization of a modular deformation as the flattening of the associated Tjurina
algebra. Examples, which are computed with the help of an implementation of the algo-
rithm by the author in Singular (cf. Greuel et al., 2001), are discussed in the final
section.
Consider an OS-module M on an algebraic variety S. A maximal closed subvariety
F = F(M) such that M is flat over F is called the flattening stratum of M in S. We
want to compute the germ of F(M) at a closed point 0 ∈ S. To be more precise, we
are dealing with the following situation: let f : X −→ S be a map germ of algebraic
varieties, and letM be a coherent OX -module sheaf. The flattening stratum F(M) over
S includes as special cases:
• F(OX) being the maximal subgerm of S over which f induces a (flat) deformation
of the special fibre X0.
• IfM is coherent over S then F(M) is the maximal subgerm of S whereM is locally
free (hence of constant rank). It is contained in the locus of the 0th fitting ideal of
f∗M.
Our algorithm is based on a new, but more complicated method than the approach by
computing the constant rank stratum or the annihilator of the associated torsion group
whose vanishing gives flatness. The advantage lies in the possibility of computing the
non-trivial examples from the last section, which are not obtained by the other methods.
This algorithm can be applied to the case of non-finitely generated S-modules, too. But,
it inductively computes only the k-jet of the ideal of the flattening. Several conditions
are tested in order to decide whether the flattening ideal or its Hilbert function is already
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obtained after a finite number of loops. In many computable examples these tests are
strong enough to finish the algorithm. In such a case the output is indeed the flattening
ideal. However, a general statement of finiteness is not expected.
The algorithm is implemented in the Singular language (cf. Greuel et al., 2001). It
could be considered as a particular generalization of Massey product computations, which
are used in the author’s implementation for computing k-jets of versal deformations of
isolated singularities (cf. Martin, 1998).
The essential step in the construction of the algorithm consists of an explicit description
of the obstruction calculus for a flat lifting: let Q be an Artinian quotient of OS such
that M is flat over Q. For any small extension Q′ of Q, the obstruction for the lifting of
the flatness property of M to Q′ is induced by the canonical pairing between Ext and
Tor, see Section 3.
Starting with the base field, in each step the algorithm yields the maximal small
extension that preserves the flatness of M. The main computational problem lies in
performing unique complete reductions (normal form) up to a fixed degree in a quotient
ring with respect to a local monomial ordering.
One possible application of the algorithm is another approach for computing the ver-
sal deformation of an isolated singularity compared to the implementation described in
Martin (1998): first determine the infinitesimal deformations of X0, consider a represen-
tation of a minimal family of all infinitesimal deformations as (non-flat) family X → S
over a smooth germ of dimension τ . The flattening stratum of OX in S is the base space
of a miniversal deformation of X0. Note that OX is not finitely generated as OS-module
if dimX0 > 0.
The application, we have in mind and which is discussed here, always concerns the case
of flattening a finite OS-module: the computation of the infinitesimal modular stratum
in the versal deformation of an isolated singularity. The modular stratum is the maximal
subgerm in the base space over which the versal family has the universal property. This
notion was introduced in Palamodov (1978) and, later on, in a more general context in
Laudal (1979). Only a few simple examples have been computed so far.
This paper outlines the modular concept in the category of complex analytic germs
and presents a new characterization of the infinitesimal modular stratum for isolated
complete intersection singularities as flattening stratum in S of the relative first tangent
cohomology sheaf T 1(X/S) of a miniversal family X → S.
2. Local Flattening
First, recall some basic constructions from commutative algebra.
Lemma 2.1. (Cf. Vasconcelos, 1998, 2.6) Let S be a Noetherian ring and let M be
an S-module. The following conditions are equivalent:
(i1) M is S-flat, i.e. ⊗S M is exact,
(i2) Tor
S
1 (S/p,M) = 0 for all prime ideals p ⊂ S,
(i3) p⊗M −→ pM is injective for all prime ideals p ⊂ S.
Corollary 2.1. A unique minimal ideal F := F(M) exists, such that M ⊗S (S/F) is
flat over S/F .
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Proof. If M is flat over S/I1 and over S/I2 then M is flat over S/(I1 ∩ I2) using
condition (i3). 2
We call F(M) the flattening ideal of M . It defines the flattening stratum F(M). For
a finitely generated module it holds in addition that M is flat iff it is projective (cf.
Eisenbud, 1996, p. 172), hence rk(S/m)(M/mM) is locally constant in the maximal ideals
m ⊂ S. Simple examples show that this could be false if M is not finitely generated.
Weaker conditions characterize flatness in the local case.
Lemma 2.2. (Cf. Eisenbud, 1996, 6.4) Let (S,m) be a local Noetherian ring, R a local
Noetherian S-algebra and M a finitely generated R-module. The following conditions are
equivalent:
(i1) M is S-flat,
(i2) M/m
kM is flat over S/mk for all k,
(i3) Tor
S
1 (S/m,M) = 0.
Corollary 2.2. Fix a presentation Rn A−→ Rm → M of M as R-module. Consider
Rn0
A0−→ Rm0 → M/mM the induced presentation over the special fibre R0 := R ⊗S S/m.
Then M is S-flat iff ker(A0) = ker(A)⊗S S/m.
The last condition is usually phrased as “any syzygy of the generators of M/mM lifts to
a syzygy of the generators of M”.
Corollary 2.3.
F(M/mkM) ∼= F(M)⊗S S/mk.
3. Obstruction for a Small Lifting
With the above notation, let R be a finitely generated local algebra over a local
Noetherian ring (S,m). For a finitely generated R-module M fix a minimal presenta-
tion
ηA : IF1
A−→ IF0 →M → 0
over R, IFi free R-modules of rank m and n, respectively. Identify a matrix with the
submodule of a free module generated by its columns, i.e. with the image of the associated
homomorphism, hence Rm/A ∼= M . For any quotient S → Q of S, denote by AQ the
associated presentation matrix of MQ := M ⊗S Q over Q (if Q = K := S/m write A0
and M0 instead). MQ is flat iff ker(AQ)0 = ker(A0), by Corollary 2.2.
In textbooks on homological algebra the following canonical pairing between Ext and
Tor is presented:
Lemma 3.1. (Cf. MacLane, 1994, 7.10) Let M, Q, I denote S-modules. For any p ≥
q ≥ 0 canonical pairings exist:
Tor Sp (M, I)× Ext qS(I,Q) −→ Tor Sp−q(M,Q).
A special case of this pairing induces the obstruction of flat lifting:
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Let MQ be flat over some Artinian S-quotient Q. We are looking for the obstruction
of M being flat over Q′, where Q′ is a small extension of Q by I:
0→ I → Q′ → Q→ 0, mQ′I = 0.
Definition. Given a triple M,Q, I of an R-module, an Artinian quotient of S, and a
K-vector space, we associate to it the obstruction map induced from the pairing
o(M,Q,I) : Tor S1 (M
′, Q)× Ext 1S(Q, I) −→ Tor S0 (M ′, I).
Here, the module M ′ is defined by M ′ := Hom (IF,M) and IF a free R-module of rank
r0 equal to the number of generators of the second syzygy-module of M0.
This definition is justified by the following:
Proposition 3.1. Let [ξ] denote the class of a small extension of Q by I and let η
denote a presentation of M over R. Assume that M is flat over a quotient Q of S. Then
M is flat over the extension Q′ associated to ξ iff the obstruction element is zero:
ωQ′,Q := o(M,Q,I)([η], [ξ]) = 0.
Proof. First describe the obstruction element. Fix a presentation
η : IF1
A→ IF0 →M → 0
of M and apply Hom S(IF,−) to obtain the first term of a free resolution of M ′. Tensor
this resolution with Q to get a complex whose homology is the torsion groups of M ′ with
coefficients in Q:
· · · −→ HomQ(IF, IF1) δ−→ HomQ(IF, IF0) −→M ′Q, δ := Hom (IF,AQ).
By assumption M is flat over Q. Hence ker(AQ) can be generated by the columns of
a matrix BQ, which is a lift of a matrix B0 ∈ Mat (n, r0) of generators of kerA0. Then
BQ ∈ HomQ(IF, IF1) belongs to the kernel of δ: δ(BQ) = BQAQ = 0. It defines the
torsion class [η] ∈ Tor S1 (M ′, Q). Let Q′ be a small extension corresponding to ξ and let
BQ′ be any lift to Mat (n, r0;Q′) of the matrix BQ. Consider the composition
φ : IF
BQ′→ IF1
AQ′→ IF0 →MQ′ ∈ HomQ′(IF,MQ′) =M ′Q′ .
It is zero over Q by construction. Hence all coefficients of the product AQ′ · BQ′ belong
to I and φ defines an element of HomQ′(IF,MQ′) ⊗Q′ I = Tor S0 (M ′, I). This element
will give the obstruction ωQ′,Q.
If M is flat over Q′ then BQ lifts to a presentation of ker(A)Q′ , hence o([ξ], [η]) = 0. On
the other hand, if the obstruction element ωQ′,Q is zero then for any lift BQ′ of BQ the
submodule AQ′BQ′ is contained in IIF0,Q′ . Therefore, a matrix BI ∈ Mat(n, r0; I) exists
such that AQ′BQ′ = AQ′BI . We may replace BQ′ by BQ′ −BI , thus showing that M is
flat over Q′. 2
The tangent space to the flattening stratum F(M) corresponds to the maximal small
extension of K over which M is flat. From the obstruction element of the maximal small
extension S/m2 of K in S we obtain the following characterization:
Computation of Flattenings and of Modular Deformations 203
Corollary 3.1. The tangent space T0(F(M)) ⊂ T0(S) is the kernel of the K-linear
map lM : T0(S) −→Mr00 corresponding to the obstruction element ωS/m2,K .
Proof. lM is induced by the obstruction ωS/m2,K through the isomorphism
Tor S0 (M
′, I) ∼= HomK(I∗,M ′0),
where I = m/m2 = T0(S)∗. Choose a basis t = t1, . . . , tn of T∗0(S). Then Q
′ ∼= K[t]/(t)2.
Fix the first terms of a free resolution η0 : IF
B0→ IF1 A0→ IF0 → M0 and write AQ′ =
A0 +
∑
tiCi. Then lM is given in dual coordinates t′ by lM (t′) =
∑
t′iCiB0, where
CiB0 ∈ Hom(IF,M0) ∼= Mr00 denotes the composition of the homomorphisms B0, Ci,
and of the canonical projection IF0 →M0. 2
4. Iterated Small Flat Lifting
Let Q := S/F be the local ring of the flattening stratum F(M). A simple obser-
vation shows that its k-jet Q(k) := Q ⊗S S/mk+1 is the maximal small extension of
Q(k−1) in S that preserves flatness of M , cf. Corollary 2.3. Similar to the construction
of the higher order Massey product series in the case of versal deformations of iso-
lated singularities (cf. Martin, 1998), we shall proceed as follows: Start with the field
K = S/m =: Q(0). Successively construct the maximal small flat extension in S with
respect to M by killing the flat obstruction elements ω(k) := ωQ′(k),Q(k) , Q
′
(k) the maxi-
mal small extension of Q(k) in S. This procedure computes in each step a new jet Q(k)
of the local ring of F(M).
The crucial point of the Massey product calculus consists of showing that the vanishing
conditions of the iterated obstruction elements ω(k) fit together to generators of the
flattening ideal F . This can be checked by writing down the obstructions in explicit
terms. The vanishing conditions for one obstruction element are finite only if the module
M is finitely generated over S. Otherwise there are infinitely many conditions. This
causes more problems for doing computations for S-modules not finitely generated. But
it is still possible to proceed, because the ideal generated by all conditions has a finite
basis, see Proposition 4.3.
Fix some more notation. An object with index (k) shall always denote its k-jet over S
and one with index k its kth m-homogeneous graded part: S(k) := S/mk+1 = S0⊕· · ·⊕Sk,
R(k) := R⊗S S/mk+1, A(k) := A mod mk+1 = A0 + · · ·+Ak, and so on.
The first jet of the flattening ideal F(1) is obtained from the flat obstruction element
ω(0) of the maximal small extension Q′(0) := S(1) ∼= K[t]/(t)2 of Q(0) = K by rewriting
Corollary 3.1:
Proposition 4.1. The first jet of the flat obstruction ideal F(1) is generated by the
coefficients of ω(0) with respect to any K-basis of M0.
Proof. The obstruction element belongs to
Hom(IF,M0)⊗ (m/m2) ∼=Mr00 ⊗ (m/m2),
where the isomorphism corresponds to a choice of a basis {ek} of IF . By definition,
J(1) ⊂ Q′(0) is the smallest ideal, where the flat obstruction element is equal to zero.
Represent ω(0) in a chosen K-basis {ιi} of M0. The coefficients are linear functions in
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TheK-subspace ofS(1) generated by {fik(t)} is the flattening ideal F(1). (Note:
∑
i fik(t)ιi
represents the class of the kth column of the matrix A1B0 in M0.) 2
First discuss the more simple case of a finitely generated S-module.
Corollary 4.1. If M is finitely generated then dimT0(F(M) ≥ embdimS − r0 · τ ,
where τ := dimKM0.
Proof. There are at most r0 · τ elements generating F(1). 2
In order to design an algorithm, equation (1) is translated to explicit matrix calculations:
A1 ·B0 ≡ L˜0 · F˜1 mod (A0 +m2Rm), (2)
where A1 =
∑
tiCi, F˜1 = (fik) and the columns of L˜0 ∈ Mat(m, τ ;R0) correspond to a
choice of representatives in Rm0 of the K-basis of M0. Modulo F(1) +m2 the syzygies B0
are liftable by construction. Hence a matrix B1 ∈ Mat(n, r0;R1) exists, such that
(A0 +A1) · (B0 +B1) = A0 ·B1 +A1 ·B0 ≡ 0 mod (F(1) +m2)Rm. (3)
Identify F(1) with the matrix row f1 which we obtained by writing the matrix F˜ t1 in one
row:
f1 = (f11, f21, . . . , fτr0) ∈ Mat(1, τr0;R1).
The submodule F(1) ·Rm(1) is generated by the columns of the matrix
F1 := Hom(Rm1 , f1) ∈ Mat(m,mτr0;R1).
By (2) equation (3) can be written as
A0 ·B1 +A1 ·B0 ≡ F1 · L0 mod (m2Rm), (4)
where L0 ∈ Mat(mτr0, r0;R0) is obtained from L˜0 by concatenation of m matrices
Dk ∈ Mat(τr0, r0) being the transpose of Hom(Rr00 , ) applied to the k-row of L˜0, k =
1, . . . ,m.
Apply induction on the number k of the jet. The flatness of M over Q(k) yields
the existence of a lifting matrix B(k) of B0, such that a generalization of equation (3)
holds:
A(k) ·B(k) ≡ 0 mod (F(k) +mk+1)Rm.
By induction, we construct a similar equation to (4) and show how to find the generators
of F(k).
Proposition 4.2. LetM be anR-module having a presentationmatrixA ∈ Mat(m,n;R),
and finitely generated over S. Then matrices B, F and L exist that fulfil the following
statements:
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(i1) B0 = ker(A0) is generating the second syzygy module of M0,
F0 = 0, and L0 contains a K-basis of M0.
(i2) The following matrix equations over Rk hold for all k ≥ 1
AkB0 + · · ·+A0Bk = F1Lk−1 + F2Lk−2 + · · ·+ FkL0. (5)
(i3) The elements of the matrix F1 + · · ·+ Fk generate the flattening
ideal F(k) of M(k).
Proof. For k = 1 all statements follow from equation (4). Assume by induction that
assertions (i2) and (i3) are fulfilled for l < k. Look for appropriate matrices Bk, Fk and
Lk−1. There is a canonical procedure to find such matrices, which corresponds to the
construction of Massey products. Collect all known summands of equation (5):
X := A1 ·Bk−1 + · · ·+Ak ·B0 − (F2 · Lk−2 + · · ·+ Fk−1 · L0) ∈ Mat(m, r0;Rk).
Reduce X modulo F1. The resulting matrix X ′ differs from X by a matrix with coef-
ficients from F1Sk−1. Hence a homogeneous matrix Lk−1 of type (mτr0,m) over Rk−1
exists, such that X ′ = X − F1 · Lk−1. Reduce the columns of X ′ modulo the sub-
module generated by A0. The difference of the resulting matrix X ′′ and X ′ is rep-
resentable as A0 · Bk, Bk ∈ Mat(n, r0;Rk). Finally, represent the columns of X ′′ in
the K-basis of M0 yielding X ′′ = L˜0 · F˜k. In the same manner as in equation (4) a
matrix Fk exists, such that L˜0 · F˜k = Fk · L0. altogether we get the matrix equation
(5):
X +A0 ·Bk − F1 · Lk−1 − Fk · L0 = 0.
By construction M is flat over S(k)/(F(k)), which is a small extension of Q(k−1). In order
to prove (i3) it remains to show that the extension S(k)/ideal(F(k)) is the maximal one
that preserves flatness of M . The maximal small extension Q′ of Q(k−1) is the quotient
of S by the ideal (mF(k−1) + mk+1). Consider the associated flat obstruction element
ω(k−1). Its vanishing conditions generate an ideal I ⊂ Q′ and I +mF(k−1) = F(k). Hence
one has to show: I +mF(k−1) = ideal(F1 + · · ·+ Fk) in S(k).
Let Y be the matrix A · (B0 + · · ·Bk−1) mod mk+1 ⊂ S(k). Then ω(k−1) is computed
from YQ′ as an element of Mr00 formed by the classes of the columns of YQ′ modulo A0,
see Corollary 3.1. By equation (5) for l = 1, . . . , k − 1 it holds that
Y ≡ (F1 + · · ·+ Fk−1) · (L0 + · · ·+ Lk−2) +X ′ + F1 · Lk−1 mod mk+1,
and over Q′, i.e. reducing modulo mF(k−1), it holds that
YQ′ = X ′ + (F1 + · · ·+ Fk−1) · L0.
Now reduce the columns on both sides modulo A0:
Yred = X ′′+(F1+ · · ·+Fk−1) ·L0 = Fk ·L0+(F1+ · · ·+Fk−1) ·L0 = L˜0 · (F˜1+ · · ·+ F˜k).
Note that ω(k−1) is zero iff Yred vanishes, hence (F˜1 + · · · + F˜k) has to vanish. By con-
struction, F(k) and F˜(k) generate the same ideal F(k) ⊂ S(k). 2
Corollary 4.2. The flattening ideal is generated by at most τr0 elements.
Finally consider the case that M is not finitely generated over S. It is reduced to the
finitely generated case thanks to the following observation. Choose a section σ : R −→ S,
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J := ker(σ), S ∼= R/J . In many applications a section is already given. Obviously the rel-
ative jet of M with respect to σ: M (q) := M ⊗R R/J q+1 is finitely generated over S.
Proposition 4.3. Let M (q) be the qth relative jet of an R-module M with respect to a
section σ of a local S-algebra R. Then the flattening ideals coincide for q big enough:
F(M) = F(M (q)) for q ≥ q0.
Proof. The flatness of M is equivalent to that of M (q) for all q by Lemma 2.2. Hence
an increasing sequence of ideals in S exists,
· · · ⊂ F(M (q)) ⊂ F(M (q+1)) ⊂ · · · ⊂ F(M),
which is stabilized for q ≥ q0 including the last position. 2
5. The Algorithm
The explicit description of the obstruction calculus allows its translation into an
algorithm to compute the local flattening ideal over the completion. For computations
we have to assume that S is a local algebra over a field K, M is defined over a com-
putable subfield and the presentation matrix A of M over R is given by polynomials
in y = (y1, . . . , ys) over S. First some explanation of the procedures from Singular-
language we need:
coeffs collects the coefficients in the given variables with respect to a given set of
monomials in the complementary variables;
homog part returns the homogeneous part;
kbase computes a monomial K-basis of the co-kernel up to the given degree;
kohom(A,n) returns a representation matrix of the map Hom(ringn, A);
lift(A,B) satisfies the matrix equation A = B lift(A,B);
ncols is just the number of columns;
std means standard basis algorithm;
syz computes a basis of the module of syzygies;
NF means the (global) normal form with respect to an ideal or module, whereas
loc NF denotes the relative local normal form with respect to an ideal or module
depending only on a given subset of variables and computed up to the given degree with
respect to these variables. At least for this set of variables we need a local ordering, i.e.
in contrast to a polynomial ordering the leading monomial is the monomial of “smallest”
order. This local normal form is unique. Such a procedure was not designed in Singular
language before.
Using the notation of Section 4 the main steps of an algorithm can be formulated as
follows:
INPUT: A ∈ Mat(m,n;S[y]) (minimal presentation matrix of M)
degbd (degree bound for computation in S)
hideg (initial choice of a y-degree bound)
OUTPUT: F(d) = jetdF ⊂ S (d-jet of the flattening ideal)
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B0 := syz(A0); B := B0;
F := 0; F1 := 0; F∗ := 0; h := 0;
WHILE (h < hideg)
{ h := hideg;
KB := kbase(std(A0),h);
L0 := kohom(ideal(KB),ncols(B0));
L := L0; k := 1 ;
WHILE (k < degbd)
{ X := homog part(A ∗B-F ∗ L,m,k);
IF (k > 1)
{ X ′ := NF(X,F1);
Lk−1 := lift(X −X ′, F1);
L := L+ Lk−1;
}
ELSE { X ′ := X; }
X ′′ := loc NF(X ′, A0, y, 2 ∗ h);
Bk := lift(X
′ −X ′′, A0);
B := B +Bk;
Fk := coeffs(X
′′,m,KB);
F := F + Fk;
IF (mk+1 ⊂ ideal(F)) { BREAK; } \\ (test 1)
IF (A ∗B − F ∗ L = 0) { BREAK; } \\ (test 2)
IF (B0 ⊂ syz(A) modulo (m+ideal(F))
{ BREAK; } \\ (test 3)
k := k + 1;
}
IF ( A ∗B 6= 0 modulo ideal(F)) { BREAK; } \\ (test 4)
IF ( ideal(F∗) = ideal(F)) { BREAK; } \\ (l-test)
hideg = h+ h; F∗ := F;
}
return(ideal(F));
Note that the outer loop can be omitted if M is finitely generated over S. Then hideg
may be chosen as the maximal degree of the elements of a finite K-basis of M0. A degree
bound for the inner loop has to be fixed in order to obtain a finite algorithm. It is not
expected that the above tests always stop the loop. Only if the flattening stratum is a
fat point is the inner loop stopped by test 1. Tests 2 and 3 check if F(k) = F , i.e. if the
algorithm has produced a polynomial basis of the flattening ideal. Test 2 is cheaper, but
requires an algebraic lift of the syzygies, which is more seldom. It is not worth testing in
every loop.
The outer loop is necessary in the case of a non-finitely generated module. If the inner
loop was stopped by a test F generates F(M (hideg)), else F(degbd)(M (hideg)). Test 4 asks
whether F(degbd)(M (hideg)) is already equal to F(M). Finally we increase hideg as long
as the ideal generated by F becomes larger (l-test). By Proposition 4.3 the outer loop is
stopped after finitely many steps returning F(degbd)(M) or F(M).
By experience the algorithm is either finished by a test (1. . . 4), hence returning the
flattening ideal, or, the computations are already too memory-consuming in a small
degree, 3 or 4. A good bound for the algorithm is usually the degree dk of the highest
corner of a standard basis of F(k), provided that the Hilbert functions coincide: hilb(F(k))
= hilb(F(dk)). The highest corner corresponds to the highest monomial under the stair-
case of all leading monomials of the given ideal. Then the Hilbert function has become
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stable: hilb(F(k)) = hilb(F) and, heuristically, also the jets of the flattening ideals for
most of the computable examples.
There is little theoretical control for producing a polynomial output. The result of the
computation depends uniquely on the following choices:
— a basis {t} and a basis {t, y} of the maximal ideals of S and of R, respectively,
— a minimal presentation matrix A ∈ Mat(m,n;R) of M ,
— a basis of ker(A0) given by a matrix B0 ∈ Mat(n, r0;R0), that fixes an isomorphism
M ′0 ∼=Mr00 , and
— a K-basis {ι} of M0 and its representation in Rm0 corresponding to the matrix L0
over R0.
6. Modular and Infinitesimal Modular Deformations
The notion of a modular deformation has been introduced for complete complex vari-
eties by Palamodov (cf. Palamodov, 1978), later on by Laudal in a more general context
(cf. Laudal, 1979), and for analytic polyhedrons in Palamodov (1993).
The deformation functor of an isolated singularity is usually not universal because
deformations often contain trivial subfamilies in any representing family as, for instance,
in the case of isolated complete intersection singularities. One approach to the construc-
tion of moduli for singularities may be the study of those deformations that do not
contain trivial subfamilies.
We give a brief outline of this concept analogy to the notation and constructions from
Palamodov (1978), but considered in the category of analytic germs. Here, the results
are not completely the same, but we need this category in applying our algorithm.
Definition. Let F : X→ S be a deformation of X0. Its restriction to a subgermM ⊂ S
is called modular iff the induced maps
ξT : Hom(T,S) −→ DefX0(T), g 7→ g∗(F )
restricted to ξ−1T (ξT (Hom(T,M))) are injective for all T. The modular stratum of a
miniversal deformation of X0 is the (usually non-reduced) base space of a maximal
modular subfamily.
Note that the surjectivity of ξT is equivalent to the versality of the family. A modular
stratum is considered with its full often non-reduced structure. Any two modular strata
of X0 are uniquely isomorphic and independent of the miniversal family by definition.
Only few examples of modular strata have been computed so far. For instance, the
modular stratum of a quasi-homogeneous (qh) isolated complete intersection singularity
consists of its reduced τ -constant stratum (cf. Aleksandrov, 1985).
An infinitesimal version may be formulated in terms of the Kodaira–Spencer-map in
the tangent cohomology of a deformation:
θF : T 0(S) −→ T 1(X/S), δ 7→ cl(δ(F )).
Its evaluation at 0 has been called, by Palamodov, the differential of the deformation
θ0 : T(S, 0) −→ T 1(X0)
which is exactly an isomorphism for a miniversal deformation. Here T(S, 0) denotes the
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Zariski tangent space of S at 0. The closed point 0 ∈ S is a modular subgerm of a
deformation F iff its differential θ0 is injective.
Definition. Let F : X→ S be a deformation of X0. Its restriction to a subgermM ⊂ S
is called infinitesimal modular iff the restriction to M of the Kodaira–Spencer-map θF is
injective.
Roughly speaking the integral curve of a vector field from the kernel of θF is expected
to define an analytically trivial subfamily of the deformation.
Lemma 6.1. If F : X → S is a miniversal deformation of X0 then every modular
subgerm of S is infinitesimal modular.
Proof. Let M be a modular subgerm of F . Take a vector field δM ∈ T 0(M). It defines
an automorphism iδ : M × D −→ M × D over the double point D. If δM belongs to
the kernel of the Kodaira–Spencer-map then F˜ := i∗δ(F|M × idD) is isomorphic to the
trivial extension F|M× idD = p∗2(F ), p2 denotes the composition of the projection to M
with the inclusion into S. By modularity of M the deformation F˜ is induced from the
miniversal family by the same morphism, hence δM = 0. 2
Lemma 6.2. A germM ⊂ S of the base space of a miniversal deformation is infinitesimal
modular iff the canonical map
ev 0 : T 0(X/S)|M −→ T 0(X0)
is surjective.
Proof. Consider the commutative diagram (cf. Palamodov, 1992, 1.4), which has exact
rows:
0 → T 0(X/S) −→ T 0(F ) −→ T 0(S) θF−→ T 1(X/S) → · · ·
ev0 ↓ σ0 ↓ ↓ ↓
0 → T 0(X0) −→ T 0(F,X0) −→ T(S,0) θ0−→ T 1(X0) → · · · .
If θ0 is injective σ0 maps into T 0(X0). Moreover, if F is miniversal σ0 is surjective onto
T 0(X0) by similar arguments as in Palamodov (1992, 1.8). If M is infinitesimal modular
then T 0(X,S)|M = T 0(F )|M. Hence ev0 is surjective.
On the other hand, assume θF |M is not injective then it is not injective, on an infinitesi-
mal neighbourhoodMk. Hence we find a small extension of Artinian subgermsM′ ⊂M′′
of Mk, such that the ideal defining M′ in M′′ is generated by one element ε and that
θF |M′′ is not injective, but θF |M′ is injective. Choose a projection p :M′′ →M′. Its spe-
cial fibre is a double pointD and the restriction F|D defines an element t ∈ T 1(X0) which
is independent of p. From the surjectivity of ev0 overM follows easily that any restriction
map over subgerms evM′′|M′ : T 0(X/S)|M′′ −→ T 0(X/S)|M′ is surjective. The last sur-
jection implies [δ0, t] = 0 for all δ0 ∈ T 0(X0), where [−,−] : T 0(X0) × T 1(X0) −→
T 1(X0) is the Lie-bracket on the tangent cohomology, cf. Palamodov (1978, 7.1). By
assumption an element ξ ∈ ker(θ|M′′) may be written as ξ = εξ0, ξ0 ∈ T(S, 0). Choose
a pre-image (δ˜, ξ) ∈ T 0(F )|M′′ of ξ. We obtain 0 = θF (ξ) = [δ˜0, t] + εθ0(ξ0) = εθ0(ξ0).
Hence ξ = 0 because θ0 is an isomorphism. 2
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Note that in the case of deformations of compact complex spaces the surjectivity of
the map ev0 over M is equivalent to the modularity of M, cf. Palamodov (1978, 6.1).
But in the local situation this equivalence seems to be open.
Consider now the case of an isolated complete intersection singularity.
Proposition 6.1. A deformation F : X → M of an isolated complete intersection
singularity X0 is infinitesimal modular iff T 1(X/S)|M is flat as OM-module.
Proof. LetX0 ⊂ ICn be defined by p equations. Their Jacobian matrix ∂f is a represen-
tation of the Tjurina algebra as OX0 -module. Hence we have the following commutative
diagram. Both rows of the diagram are exact.
0 → T 0(X/S) −→ OnX ∂xF−→ OpX −→ T 1(X/S) → 0
ev0 ↓ ↓ ↓ ↓
0 → T 0(X0) −→ OnX0
∂xf−→ OpX0 −→ T 1(X0) → 0.
Any syzygy h ∈ OnX0 of the columns of the Jacobian matrix ∂xf over OX0 with respect to
local coordinates x of ICn corresponds to a vector field h∂xf ∈ T 0(X0). The surjectivity
of ev0 is equivalent to the lifting of such a syzygy. By Corollary 2.2 this corresponds
exactly to the flatness of the relative Tjurina algebra. 2
It is not clear whether this statement holds for any isolated singularity. Because the
Tjurina algebra is a quotient of the normal sheaf NX/S, the Jacobian matrix is a repre-
sentation matrix of the Tjurina algebra only if NX/S is free as the OX-module. This no
longer holds for non-complete intersection singularities and the above argument cannot be
applied. There are indications that this characterization remains valid for non-obstructed
singularities.
Corollary 6.1. If T 1(X/S)|M is finitely generated as the OM-module then Mred is the
τ -constant stratum inside the miniversal deformation.
7. Examples of Infinitesimal Modular Strata
As a first example we look at the one-parameter family of the unimodal singularity
X9 : F0 = x(x − y)(x + y)(αx − βy) over S := IP 1 − {0, 1,−1}. The family is modular
at any parameter λ := (β : α) ∈ S because the equation is homogeneous. The family
F := F0+y5 is a deformation over IP 1. At any point λ ∈ S the functions F and F0 define
isomorphic singularities (X9 is 4-determined). It is τ -constant, but not µ-constant. Such
examples are known; this special one was already investigated by Palamodov as a modular
deformation. From the algorithm we obtain that F at λ = 0, 1,−1 is not maximally
modular:
λ = 0 : F|M = x2(x2 − y2) + y5 + t1y4 + t2xy2 I := IM = (t1t2, t22)
λ = 1 : F|M = x(x− y)2(x+ y) + y5 + t1y4 + t2xy2 I = (t1t2, t22)
λ = −1 : F|M = x(x− y)(x+ y)2 + y5 + t1y4 + t2xy2 I = (t1t2, t22).
The algorithm is stopped in degree 2 by test 3. In all three cases the modular stratum is
a line with an embedded point defined by I = (t2) ∩ (t1, t2)2. It is not surprising to find
isomorphic modular strata because of further symmetries. Indeed, F0 still has isomorphic
fibres, coming from an action of the symmetric group S4 (cf. Martin, 1990) for an explicit
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construction of the action of Sd on non-degenerate binary d-forms. This action causes
the singularities of the modular stratum at its “closure”.
Another example is the semi-qh functions of Hesse type, that are the sum of a non-
degenerate qh function f0(x) and its Hesse form fh = f0 + H(f0). For simplicity, let
us assume that the qh type is simple, i.e. up to a constant factor f0 is the only non-
degenerate qh function. Then fh defines the only semi-qh singularity of that type with
τ(f) = µ(f) − 1. Here the tangent space to the modular stratum is of dimension n.
It corresponds to mdT 1(X0), d = deg(H(f0)) − 1 and is generated by the classes of
h1 := H(f0)/x1, . . . , hn := H(f0)/xn. In all concrete computable examples the algorithm
is finished in degree 2, and we obtain the modular stratum as a fat point of multiplicity
n+ 1:
F|M = fh +
n∑
1
tihi, IM = (t1, . . . , tn)2.
In the generic case we expect that the modular stratum of fh is finite over the smooth
reduced modular stratum of f0 by the canonical projection with the above fat point as
fibre:
pr :M(fh) −→M(f0), pr−1(0) ∼= Spec IC[t]/(t)2.
If the leading form is homogeneous the modular stratumM(fh) is related to the coarse
moduli space of semi-homogeneous functions with fixed Hilbert function of their Tjurina
algebra, cf. Martin (1993). The next coarse moduli suite, “nearest” to the function of
Hesse type belongs to semi-homogeneous functions with τ(f) = µ(f0) − 2. Their coarse
moduli space M˜µ−2 is a projective space of dimension n−1. The modular stratumM(fh)
may be considered as an affine cone over M˜µ−2 truncated in degree 2. It seems interesting
to study these connections in more detail.
We conclude with a more complicated singularity. Consider one of the simplest degen-
erated (with respect to its Newton boundary) function of multiplicity 3: f0 = (x −
y3)2(x+2)+ y11. We obtain a 4-dimensional tangent space of the modular stratum with
associated family
F = f + dxy3 + cxy4 − dy6 − cy7 − (11/18)dy8 + by9 + ay10.
The computation of the ideal of the flattening stratum is finished in degree 3 and returns
IM = (36ab− 38ac− 9a3, 4bc+ 3ad− a2c, c2, 25ad+ 28a2c, bd, cd, d2, a3c).
Its components are two smooth curves
C1 = V (a, c, d) C2 = V (c, d, 4b− a2)
and an embedded fat point. While C1 defines the expected τ -constant modular deforma-
tion of the qh leading form, the restriction of F to C2 corresponds to a deformation which
is not τ -constant along the zero section: The deformation ft = x3 − 3xy6 + (2 + t2)y9 +
2ty10+y11 is infinitesimal modular at any value of t and the first relative Tjurina module
T 1 := S{x, y}/(ft, ∂ft/∂x, ∂ft/∂y) over S = IC[t] is flat at any localization t = t0, hence
flat over S globally. But T 1 is not a free IC[t]-module, because the Tjurina number τt of
ft is not constant: τ0 = 16 and τt = 15 for t 6= 0. Hence T 1 is not finitely generated over
S. This can be explained by the observation that for t 6= 0 the fibre of ft has another
singularity outside zero of type A1 at (−t3,−t). Hence the singularity of f0 splits along
C2. The relative first tangent cohomology supported on the whole critical locus (in the
category of multi germs) is finitely generated (and free) as the S-module. Note that a
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splitting of the singular locus over the µ-constant stratum is not possible. As far as I
know, the above example is the first one having a splitting over the τ -constant stratum.
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